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Résumé :
On examine l’ascension de bulles au voisinage de la surface libre d’un liquide newtonien sous l’action de la pesanteur
lorsque les termes d’inertie sont négligeables, c’est-à-dire dans le régime des faibles nombres de Reynolds. Les surfaces
instationnaires des bulles et de la surface libre sont supposées à symétrie de révolution autour d’un même axe parallèle
à la gravité et déterminées numériquement avec précision en résolvant à chaque pas de temps une équation intégrale sur
ces frontières du liquide. La stratégie numérique utilisée procure alors la déformation des bulles et de la surface libre et, à
partir d’un certain moment, le drainage instationnaire du film mince apparaissant entre la surface libre et la bulle proche
de celle-ci ou entre deux bulles voisines. Les résultats numériques montrent que l’épaisseur de ces films diminue dans la
phase de drainage de manière exponentielle avec le temps à un taux qui, tout comme les formes de la surface libre et de
chaque bulle, varie avec le nombre de Bond du problème.
Abstract :
The gravity-driven migration of N ≥ 1 bubble(s) near a free surface is addressed within the assumption of negligible
inertial effects by solving a boundary-integral equation at each time and assuming axisymmetric free surface and bubble(s)
with axis of revolution aligned with the gravity. The implemented boundary element method permits one to accurately
invert at a reasonable cpu time cost the encountered boundary integration on the liquid boundary and to determine the
unsteady evolution of the free surface and each bubble boundary. Numerical results given for one or two bubbles show
that the film drainage taking place after a pure rising regime between the free surface and the closest buble or between
two bubbles exhibits an exponential behavior in time which depends upon the liquid flow Bond number.
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1 Introduction
It is well known (see [1] and [2]) that a spherical bubble with radius a immersed in an unbounded and quiescent
Newtonien liquid with uniform viscosity µ and density ρ subject to a uniform gravity g translates (and thus
keeps its spherical shape) at the velocity U = −ρa2g/(3µ) whatever the bubble uniform surface tension γ
provided that all inertial effects are negligible (i. e. Re = ρ|U|a/µ 1.)
Of course, such a nice solution is affected when the liquid is bounded by a free surface. In such circumstances
both the free surface and the bubble boundary evolve in time and the ascending bubble is not any more sphe-
rical, especially when the Bond number Bo = ρ|g|a2/(3µ) is not small. After a pure rising regime the bubble
lies close the free surface and a drainage of the liquid film between the bubble and the free surface takes place.
How the film thickness thereby decays and the free surface and bubble shapes change in time and to which
extent these events are sensitive to the problem Bond number Bo are challenging issues which fully deserve
a careful examination. This task is achieved in the present work for axisymmetric free surface and bubbles
having the same axis of revolution parallel with the applied gravity. The advocated procedure consists at each
time step in solely computing on the free surface and each bubble boundary the liquid velocity by inverting a
boundary-integral equation. The proposed numerical implementation resorts to a collocation method and holds
for N ≥ 1 bubbles. It permits us to accurately track in time the shapes of the free surface and bubble(s) as
illustrated by giving numerical results for one or two bubble(s).
2 Governing problem, relevant boundary-integral equation and employed nu-
merical method
This section presents the governing equations, a relevant boundary-integral equation to be solved at each time
step and also (briefly) the advocated numerical method.
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2.1 Governing problem
As illustrated for two bubbles in Figure 1, we consider N ≥ 1 bubbles Bn(n = 1, ..., N) with smooth surface
Sn immersed in a Newtonian liquid with uniform density ρ and viscosityµ bounded by a free surface S0














FIGURE 1 – Two bubbles ascending near a free surface S0 (case N = 2).
axisymmetric having axis of revolution (O, e3) parallel with the gravity, identical uniform surface tension γ,
unit normal n directed into the liquid domain D(t) and unknown material velocity V. At initial time S0 is the
x3 = 0 plane and Bn, made of a gas with negligible density and viscosity, has spherical shape with radius an.
At each time the pressure p0 above the free surface S0 and pn inside Bn are uniform and the liquid flow has
pressure p+ ρg.x and velocity u. There is no mass transfer across the liquid boundary. Therefore, one gets
V.n = u.n on Sm for m = 0, 1, ..., N (1)
As suggested by the introduction, the liquid velocity u has typical scale U = ρga2/(3µ) with a = Max(an).
Assuming a quasi-steady liquid flow with sufficiently small Reynolds number Re = ρUa/µ  1 shows that
(u, p) with stress tensor σ obeys the following steady Stokes problem
∇ · u = 0 and µ∇2u = gradp in D(t), (u, p)→∞ as |x| → ∞, (2)
σ · n = (ρg · x− pm + γ∇S · n)n on Sm for m = 0, 1, ..., N (3)
where x = OM and [∇S · n]/2 = H is the local average curvature H (see Aris [3]). For bubbles having
time-independent uniform temperature and pressure, and therefore constant volume, the following additional
relations hold (the one on the free surface S0 is easy to deduce from the other ones because u is divergence-free)∫
Sm
u · ndS = 0 for m = 0, 1, ..., N (4)
In summary, one determines the time-dependent shape of the free surface and of each bubble by successively
running at each time t the following key steps :
(i) First solve (2)-(4) for prescribed pressures pm in order to get u at least on the surfaces S0 and Sn. Note
that such a task actually requires to accurately calculate on the entire liquid boundary the quantity ∇S · n.
(ii) Then appeal to (1) to move, using a Runge-Kutta algorithm, all surfaces S0 and Sn between times t and
t+ dt.
2.2 Relevant boundary-integral equation
It is well known (see [4]) that u solution to (2) can be obtained at any point x0 located in the liquid domain
D(t) solely in terms of the quantities u and σ · n on the entire liquid boundary S = ∪Nm=0Sm. Letting x0 tend
onto S then provides a boundary-integral equation which relates on S the unknown velocity u to the surface












[(ρg · x+ γ∇S · n)n](x) ·G(x,x0)dS for x0 on S (5)
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where the symbol −
∫
designates a weakly-singular integration in the principal value sense of Cauchy (see






(xi − x0,i)(xj − x0,j)
||x− x0||3
, Tijk(x,x0) = −6
(xi − x0,i)(xj − x0,j)(xk − x0,k)
||x− x0||5
(6)
with δij the Kronecker symbol. Actually (1)-(6) hold for arbitrary bubbles and free surface geometry, i. e. not
necessarily axisymmetric ones. For our axisymmetric geometry we resort to cylindrical coordinates (r, φ, z)
with r =
√
x2 + y2, z = x3 and φ the azimuthal angle in the range [0, 2pi]. We also introduce the trace
Lm of the surface Sm in the φ(pi − φ) = 0 plane and integrate (6) over φ. Setting u = urer + uzez and










Bαβ(x,x0)[−ρgz + γ∇S · n]nβ(x)dl for x0 on L (7)
with α = r or α = z and so-called single-layer and double-layer 2 × 2 square matrices Bαβ(x,x0) and
Cαβ(x,x0) given in [5]. Note also that a summation over indices β = r, z occurs in (7).
2.3 Numerical method
For a sake of conciseness, we summarize below some basic issues regarding the adopted numerical strategy
and direct the reader to [7] for further details. Key points which deserve to be mentioned are the following :
(i) The boundary-integral equation (7) is discretized using curved boundary elements both on a truncated free
surface S0 and on each bubble surface Sn. On any boundary element we spread collocation points as explained
in [8] in such a way that the resulting nodes distribution on the entire (truncated) contour L is symmetric with
respect to the (O, ez) axis. Isoparametric interpolations of both the velocity u and the prescribed traction σ ·n
on L are employed and the integration of the kernels Bαβ(x,x0) and Cαβ(x,x0) on each boundary element
are performed by regularizing the weakly-singular terms Bαα(x,x0) when the node x0 belongs to the selected
boundary element and using the iterative treatment of [9] to accurately calculate each encoutered regular inte-
gration.
(ii) The boundary-integral equation (7) is ill-posed but the problem consisting of both (7) and (4) admits a
unique solution u on the contour L. This solution is numerically obtained by implementing on the discretized
counter-part of (7) a so-called Wielandt’s deflation technique (see, for instance, [4]).
(iii) It is for the present work necessary to accurately calculate the quantity ∇S · n on each discretized surface
Sm since the adequate approximation of this quantity directly dictates through the integral-equation (7) the
accuracy to which one evaluates the require velocity u on the contourL. This is in practice obtained by putting
enough nodes on each curved boundary element.
(iv) We track in time each surface Sm shape by employing (1) and integrating the equation dx/dt = u(x, t) for
each nodal point. This task is achieved by a Runge-Kutta-Fehlberg method (see [10]) with a time step selected
by comparing the errors for second-order and third-order schemes. One should note that if the shapes of all
surfaces Sm become nearly time-independent the suitable time step is very small and one stops the computa-
tions.
(v) Finally, sometimes it has been necessary to change from time to time the number and location of the
employed boundary elements and nodal points employed on the surfaces S0 and Sm depending upon the
calculated shapes and locations of these surfaces (case of too stretched or too close surfaces).
3 Numerical results and discussion
The proposed method has been numerically tested against the analytical results obtained in [11] and [12] for
one bubble ascending under the gravity field in absence of the free surface (comparisons for the velocity u
on the spherical bubble boundary) in [7]. This section presents a few new results for one or two bubble(s)
ascending in the vicinity of a free surface.
3.1 Results for one bubble
At initial time the bubble is spherical with radius a and the distance between its center and the flat x3 = 0
free surface equal to 3a. We take 2a as length scale and denote by h = h1/(2a) (see Figure 1) the normalized
3
distance between the bubble boundary and the free surface. Time is normalized by 6µ/(ρga) and we stop the
numerical investigations in time as soon as h = O(10−2) or whenever the time step suitable to reach a given
accuracy (recall remark (iv) in 2.3) becomes too small.
To which extent the bubble’s shape changes as the bubble ascends toward the free disturbed surface is, as an-
nounced in the introduction, actually dictated by the so-called Bond number Bo = ρga2/(3γ) which compares
gravity and surface tension effects. It turns out that two different stages may be distinguished as time evolves :









(a) Bo = 0.1









(b) Bo = 1









(c) Bo = 10
FIGURE 2 – Bubble and free surface shapes at the end of the pure rising regime. (a) Bo = 0.1 (b) Bo = 1 (c).
Bo = 10. Dashed lines indicate for comparisons the bubble shapes predicted by Princen [13].
a pure rising motion with h exhibiting a linear decay in time and a drainage stage for which h is small and both
bubble and the free surface reach nearly steady shapes. As illustrated in Figure 2, these quasi-steady shapes
deeply depend upon the Bond numberBo and are pretty well predicted by the Princen’s model (see [13]) which
consists in balancing on the bubble surface the pressures driven by gravity and surface tension. More precisely,
at Bo = 0.1 the free surface is weekly disturbed and the bubble nearly spherical whereas the free surface is
deeply affected and the bubbles becomes quasi-hemispherical at Bo = 10.













FIGURE 3 – Computed film thickness h versus normalized time t for Bo = 0.1, 0.3, 0.5, 1, 5, 10. The solution
for Bo = 0 is obtained using the results given in [14] for a spherical bubble.
We plot in Figure 3 for a bubble with initial spherical shape with radius a and initial gap h1 = 2a the normalized
gap h versus time t normalized by 6µ/(ρga) for several values of the Bond number. After the rising regime
(i. e. for t ≥ O(1)) there is a film drainage which clearly exhibits an exponential decay as time increases.
Such a trend has been experimentally observed in [15] for a bubble immersed in a sufficiently viscous liquid.
Inspecting Figure 3 also reveals that decreasing the value ofBo ≤ 1 enhances the drainage whereas the drainage
does not depend upon Bo ≥ 1. Finally, note that the Bo = 0 curve is obtained by taking undisturbed surfaces
(x3 = 0 plane free surface and spherical bubble surface) and exploiting the analytical results obtained in [14].
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3.2 Results for two bubbles
It is worth investigating to which extent additional bubbles might affect the results previously-obtained for one
bubble. Such a basic issue is addressed in this subsection by considering a small bubble with initial radius a/2
located between the free surface and another bigger bubble with initial radius a. Such initial bubbles and free
surface shapes are indicated by dashed lines in Figure 4. Keeping the definition Bo = ρga2/(3γ) and still
taking 2a and 6µ/(ρga) as length and time scales, we further denote by h1 = 2ah or h2 = 2ah′ the gap on the
(O, ez) axis of revolution between the small bubble and the free surface or between the bubbles, respectively.
Moreover, computations are stopped this time as soon as min(h, h′) = O(10−2).









(a) Bo = 1









(b) Bo = 4
FIGURE 4 – Bubble shapes for Bo = 1 (a) and Bo = 4 (b). Solid lines indicate the computed interfaces when
stopping the calculations, i. e. when min(h, h′) ≈ O(10−2). Dashed curves indicate the initial interfaces.
Figure 4 gives the final shapes for Bo = 1 and Bo = 4. It turns out that the film drainage either first takes place
between the bubbles for Bo = 4 or between the small bubble and the free surface for Bo = 1 (see also Figure
5(a)). In addition, the final small bubble shape is deeply sensitive to the Bond number : for instance, the small
bubble becomes thin for Bo = 4 while being still thick for Bo = 1. In contrast, the shape of the big bubble
is weakly sensitive to the Bond number although it is modified by the small bubble (for instance, compare for
Bo = 1, the big bubble final shape in Figure 4(b) with the final bubble shape given in Figure 2(b)).









(a) Bo = 1









(b) Bo = 4
FIGURE 5 – Normalized film thicknesses h (solid line) and h′ (dashed line) versus normalized time t for the
two bubbles for Bo = 1 (a) and Bo = 4 (b).
Plots of h and h′ in Figure 5 finally show that both film thicknesses decay faster as time increases for Bo = 4
than for Bo = 1 as it was the case for one bubble. Note also that for Bo = 1 the difference ∆h = h−h′ (which
is zero at initial time) is positive for t ≤ tc, negative for t > tc and vanishes for a specific time tc. Note that for
Bo = 4 one this time gets ∆h > 0 for t > 0.
4 Conclusions
The proposed boundary approach makes it possible to accurately track in time at a reasonable cpu time cost the
axisymmetric shapes of the interacting free surface and ascending bubble(s). The computations for one or two
bubbles reveal a film drainage (either between the bubbles or between the free surface and the closest bubble)
with an exponential decay in time of the film thickness. Time-permitting additonal results for three bubbles
will be shown at the oral presentation.
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